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Sufftcient conditions are derived for all bounded solutions of a class of scalar 
linear integrodifferential equations of arbitrary order to be either oscillatory or 
convergent to zero asymptotically. When the equations are suitably specialised to 
be delay-differential equations, our sufficient conditions also become necessary 
conditions for all bounded solutions of such equations to be oscillatory. ( 19x7 
Academic Press. Inc 
1. INTRODUCTION 
The literature devoted to oscillations in ordinary differential equations 
with and without deviating arguments is fairly extensive. We refer to a 
recent survey article by Kartsatos [3] for more details. Except for some 
partial results in Levin [S] and Myskis [6], oscillations in integrodifferen- 
tial equations have not been discussed in the literature. Integrodifferential 
equations can provide a generalised framework for a unified discussion of 
oscillations in ordinary differential and delay-differential equations 
including equations with unbounded delays. In the following we derive a 
general result for all bounded solutions of an integrodifferential equation of 
arbitrary order either to oscillate or converge to zero asymptotically and 
subsequently show that such a result leads to a necessary and sufficient 
condition for all bounded solutions of a delay-differential equation of 
arbitrary order to be oscillatory. With the exception of a single result due 
to Ladas [4] for a first-order delay-differential equation, sharp results as 
derived below are not found in the literature. The oscillations considered 
below are produced by the delay or memory in the integrodifferential 
equations and in the absence of such a delay or memory our equations do 
have non-oscillatory bounded solutions. 
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2. INTEGRODIFFERENTIAL EQUATIONS 
We consider a scalar linear integrodifferential equation of nth order (n is 
a positive integer) of the form 
$h-I)“jrk(t-s) y(s)ds+f(t) t>o 
0 
for which we assume 
(i) b is a positive constant; 
(ii) k: [0, co)+ [0, co); k is piecewise continuous (locally) on 
[0, co) and is such that 
s 
= k(s) ds < co; 
0 
s” fk(s) ds < co; 
0 
(iii) f: [0, co) --t ( - co, co); f is piecewise continuous (locally) on 
[0, co) and 
s ox If(t)1 df < 00. 
One can rewrite (2.1) as a first-order linear system of the form 
$=,4Y(t)+ j’B(t-s) Y(s)ds+F(r) (2.2) 
0 
by an appropriate definition of the vectors Y, F and the matrices A, B in 
terms of y, derivatives of y, k, andf. Using (2.2), it is then possible to show 
that under our assumptions (it(iii) that y and its it derivatives in (2.1) are 
of exponential order (see Hale [2, pp. 16-171). It will then follow that 
Laplace transform techniques can be applied for investigating (2.1). 
We briefly indicate an alternative reformulation of (2.1) which will be 
useful below. Let to be any fixed constant, to > 0. Then we have from (2.1) 
d”v(t + to) 
dt” 
=b(-l)“fk(s)y(t+to-s)dx+F(t) 
0 
(2.3) 
where 
F(t)=f.(t+to)+b(-l)“j-‘ok(t+to-s)y(s)ds. (2.4) 
0 
We note that a bounded solution of (2.1) existing on [0, co) is said to be 
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oscillatory if and only if such a solution has arbitrarily large zeros. We can 
now formulate our main result. 
THEOREM 2.1. Assume that h, L k are specified above. If 
be” r 
i‘ 
fk(s) ds > n” (2.5) 
0 
then all bounded solutions qf (2.1) either oscillate or converge to zero as 
t-co. 
Proof: Since the solutions of (2.1) are of exponential order, they exist 
on [0, m). Let us now suppose there exists a bounded solution which is 
neither oscillatory nor convergent to zero as t -+ ‘JO; that is there exists a 
number t,>O such that 
Y(f)>0 for all t > t,; lim inf y(r) > 0. f + x 
(If y(t) < 0 for all t > t, one can then consider -v(t).) If we let 
y(t + to) =x(t), t30 
then x is a bounded positive solution of (2.3) with lim inf,, c x(t) > 0. 
From (2.3) and (2.4) we have 
d”x( t) 
-=b(-1)” j’k(s)x(t-s)d.v+F(t) 
dt” 0 
(2.6) 
in which F(t) -+ 0 as t + cc and j; IF(t)1 dt < CC (by the hypotheses on f 
and k). Let X(A) and F(A) denote the Laplace transform of x and F, where 
X(l)=j,: eC”‘x(t)dt; p(l)=[:e-“F(t)dt=P(L)/Q(i) (say). 
(2.7) 
It will follow from (2.6) that 
x(n) = P(i) + Q(n) x,“=; x(j)(O)” ’ ’ 
Q(A) H(J-1 
where 
H(A) = I,” - b( - 1)" icy k(s) e ” ds. 
(2.8) 
(2.9) 
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As a consequence of F(t) + 0 as t -+ 00, the poles of p(J) or the zeros of 
Q(n) will have negative real parts, since otherwise F(t) will not converge to 
zero. With this observation, any solution of (2.6) is given by 
x(t) = [IIiI e’.’ { 
P(i) + Q(A) x,“:; x(‘)(O)“- ’ -j 
Q(n) H(J) 
do 
(2.10) 
where G > max{ Re(J,), Re(l,); H(Aj) = 0, Q(i,) = O}. 
It has been shown in Bellman and Cooke [l] that integrals of the form 
in (2.10) can be evaluated by convergent series so that 
x(t) = C p,(t) ejj’ + C qy( t) e*y’ 
i L‘ 
(2.11) 
where 
p,(t) = residue of { e”‘X(1)) at a root Jj given by H(l-i) = 0 
q?(t)= residue of (e”‘X(J)} at a root A, given by Q(n,)=O. 
As remarked above, all the roots of Q(A) = 0 have negative real parts. Thus 
if x(t) is a bounded non-oscillatory solution with lim inf, _ a x(t) > 0 then 
there exists at least one real non-positive root of H(l) = 0; i.e., there exists 
a non-positive root of 
1,” = h( -1)” so k(s) ec”” ds. 
0 
(2.12) 
Let A* be such a root; since i* cannot be zero, then A* ~0. We then have 
from (2.12) that 
1 = b( -1)” doL k(s)(eP’*“/A*) ds 
0 
But (2.13) contradicts (2.5) and hence (2.1) cannot have a solution which 
neither oscillates not converges to zero as t --t co. The proof is complete. 
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3. DELAY-DIFFERENTIAL EQUATIONS 
We will now show that in the case of delay-differential equations, the 
result of our theorem for (2.1) reduces to the best possible. For instance, we 
have 
THEOREM 3.1. Let n be a positive integer and let b, 5 be positive numbers. 
Then a necessary and sufficient condition for all bounded solutions of 
d”x( t) 
-=b( -l)“x(t-r) 
dtn (3.1) 
to be oscillatory is that 
b?‘e” > n”. (3.2) 
Proof The sufficiency of (3.2) is proved as in the case of Theorem 2.1 
with some minor modifications in the steps. We consider only the necessity 
of condition (3.2) for all bounded solutions of (3.1) to oscillate. Sup- 
pose (3.2) does not hold; that is, suppose 
(bz”e”/n”) < 1. (3.3) 
Consider a solution of (3.1) in the form x(t) = ue” for some constant CY, 
where 1 satisfies 
Now 
(3.4) 
H(o)= -b( -1)” 
and hence we have from (3.3) that H(o) H( -n/T) 6 0 which implies that 
H(A) =0 has a real non-positive root in the interval [ -n/r, 0] 
corresponding to which (3.1) can have a bounded non-oscillatory solution. 
Thus (3.2) is necessary for all bounded solutions of (3.1) to be oscillatory 
and the proof is complete. 
For n = 1, the result of our Theorem 3.1 coincides with a result of 
Ladas [4] who used a different technique for a first-order delay-differential 
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equation with a variable coefficient. Being unable to prove we propose the 
following conjecture: 
A necessary and sufficient condition for all bounded solutions 
of (2.1) defined on [0, 00) either to oscillate or to converge to 
zero under the hypotheses (it(iii) is that (2.5) holds. 
4. OSCILLATION IN NON-LINEAR INTEGRODIFFERENTIAL EQUATIONS 
By means of a suitable comparison with an appropriate linear equation 
we will now obtain sufficient conditions for all bounded solutions of a class 
of non-linear integrodifferential equations to be either oscillatory or be 
convergent to zero. Precisely we have the following. 
THEOREM 4.1. Consider the not necessarily linear integrodifjferential 
equation of the nth order 
d?(t) 
-=b(-l)“[‘k(t-s)g(y(s)ds+h(t,y(t)) 
dt” 0 
(4.1) 
under the following assumptions: 
(i) k: [0, co) + [0, co); k is piecewise continuous (locall_v) on [0, co) 
and is such that 
o< 
s 
UCIk(s)ds<~; j-?“k(s)ds<n (4.2) 
0 0 
(ii) g: (-00, co)+ (-00, co); g is continuous on (-co, co); 
yg(y)>O for y#O with 
inf a=m>O 
.v>o y 
(iii) h:(O,oo)x(-co,a3)+(---cO,cO); 
(0, CO) x ( -00, co) such that 
yh(t, Y) >O for y#O, t>O 
and 
(4.3) 
h is continuous on 
lY(t)l dc=- Mt, y(t))1 <a(& c), s O” t”cr(t, c)dt< oo (4.4) 0 
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where c is any fixed positive constant. If 
he”m x 
-j s”k(s)ds> 1 
n” 0 (4.5) 
then all bounded solutions of (4.1) defined on [0, co) are either osci1lator.v on 
(0, 03) or converge to zero asymptotically as t -+ XA. 
Proof: Suppose there exists a bounded solution of (4.1) defined on 
[0, 00) with [y(t)1 6 c for t 3 0 such that y(t) is bounded away from zero as 
t + co. Then we can assume that there exists a t, > 0 such that I’( t + t,,) > 0 
for all t > 0 and if we define x in the form 
x(t) = y(t + to), t30 
it will then follow that x is governed by (see (2.3) (2.4) an equation of the 
form 
d”x( t) 
-=b(-l)“/‘k(t-s)g(s(s))ds+H(r.x(t)) 
dt” 
t>O (4.6) 
0 
where 
H(t,x(t))=h(t+t,,x(t))+b( -l)“j”‘k(t+l,,-s)g(y(s))ds 
0 
from which it will follow that 
with 
IWC x(t))1 6 B(t, c) + 0 as t+cc 
PC6 cl = 46 cl + bk(t + t) oyzls, Ig(y)l, t E (0, to) . . 
s ,: t”P(t,c)dt<co. 
It will now follow from (4.6) that 
bj’k(t-s)g(x(s))ds+(-l)“H(t,x(t)). (4.7) 
0 
Since x(t) > 0, x(t) is bounded for t > 0, lim inf, _ r x(t) >, p > 0, it will then 
follow from (4.7) that 
lim x(‘)(t) = 0, j = 1, 2,..., (n - 1 ) (4.8) 
I--t7 
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We will now supply the details of the rest of the proof for the case where n 
is even and indicate briefly the proof for odd n. 
For even n we have from (4.7) 
d”x(t) > bm l 
dt”’ s 
k( t - s) x(s) ds - /3( t, c) 
0 
(4.9) 
which by virtue of (4.8) leads to 
x(r)+ s Oc (s- ty , @-I)! flkcJds 
+bm Oc (s- t)‘j-’ s 1 (n-l)! ds. (4.10) 
for t b t*, where t* is chosen such that 
(-I)“%20 for t 2 t* (see (4.7)). 
Since j,$ s”p(s, c) ds < co, it will follow that there exists a t, > t* such that 
I 
Cc (s-t)“-1 fl 
, (n-t)! b(s, c) ds < - 4 for t 2 t, > t*. 
For t > t,, we now define a sequence (z,,Jt)} as follows: 
z,(t) = for tat, for te [0, t,]. 
z~+,(l)=f-j,;“1~~‘~,!‘P(~,c)d~ 
k(s - u) z,(u) du ds for tbt,. (4.11) 
z,+l(f)=Zm+l (t,) for t E [0, t,]. 
It is not difficult to see that 
4< ... <z,,+, (t)<z,(t)< .*. ~Z*(t)~Z~(t)~Zo(t)=X(t) tZ t,. 
(4.12) 
Let z*(t) denote the pointwise limit of (z,,,(t)}, m -+ a. Then z* satisfies 
o<p/4dz*(t)dx(t) for tat, 
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and by the Lebesgue convergence theorem, 
z*w-jr co (s- f)-l (n-l)! P(s,c)ds 
ds t2 t, (4.13) 
which implies that z*(t) is a non-oscillatory solution bounded away from 
zero for t -+ cc of the linear equation 
-=bm ‘k(t-s)z*(s)ds-fl(r,c) 
d”z*( t) 
dt” s 
(since n is even) t 2 t,. (4.14) 
0 
But by Theorem 2. l., all bounded solutions of (4.14) either converge to 
zero as r -+ cc or are oscillatory, and the existence of z* contradicts this. 
Thus there cannot be a non-oscillatory solution y(t) of (4.1) such that y(t) 
is bounded away from zero for t + co. Thus the assertion of Theorem 3.1 is 
established for n even. 
If n is odd (n > 2) we will have in the place of (4.9) 
d”x(t) 
-< -bm 
dt” I 
‘k(t-s)x(s)ds+P(t,c). 
0 
The remaining proof is similar to the case of n even and we will omit the 
details. The proof is complete. 
The following corollary is a special case of Theorem 4.1. 
COROLLARY. Consider the nth order delay differential equation 
F= (-1)” i b,gi(y(t-5,)) 
/=I 
where for j= 1, 2 ,..., y, 
(i) bj> 0, z,>O are constants 
(ii) gj: R + R, g, is continuous on R, 
Yg,(Y)‘o for y#O 
(4.16) 
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then all bounded solutions of (4.16) (if they exist) defined on [0, co) are 
oscillatory. 
We conclude with the note that our sufficient conditions for oscillations 
of bounded solutions of non-linear integrodifferential equations become 
sharp, necessary, and sufficient conditions for all bounded solutions of 
linear delay differential equations to be oscillatory. 
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